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1. Introduction 

Let C[0, 1] denote the set of continuous functions on [0, 1]. For / G C[0, 1], Bernstein 
introduced the following well-known linear operator (see [3, 5, 8]): 

t ^ 

k=0 



(1) 



k=0 



where (^) — j . Here B„(/ | x) is called the Bernstein operator of 

order n for /. For n,k E = N U {0}, the Bernstein polynomial of degree n is defined 

by 



)= (see [1-8]) 
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The Hermite polynomials have the generating function 



^^w\ z,weC, (2) 
which gives the Cauchy type integral 

TT f ^\ nl f 2zw—w 



c 

where C is a circle around the origin with the positive direction (see [4]). 
Prom (2), we note that the Hermite polynomials are given by 

where [ • ] is the Gauss symbol (see [4]). 

Let < g < 1. Define the g- number of x by 

I- 

\x\a = • 



Note that limq_5.i[a;]g = x (see [9-11]). 

For / e C[0, 1], the g-Bernstein type operator of order n for / is defined by 



fe=0 



-k 



(4) 

( - ) -Bfe,„(a; I q), 



fe=0 



where n,k G Z+ (see [1]). Here Bk^n{x \ q) = (^)[a;]^[l — a;]" are called the q'-Bernstein 

q 

type polynomials of degree n (see [1, 2]). Note that (4) is a g-analoguc of (1). 

In this paper, we consider the g-Hermite polynomials related to the g-Bernstein type 
polynomials. Prom these g-Hermite polynomials, we give some interesting identities for 
the g-Bernstein polynomials. 



2. g-Bernstein polynomials and g-Hermite polynomials 



In this section, we consider a g-analogue of (2), which are called the g-Hermite poly- 
nomials, as follows: 

°° 

e^*[^l-* =E^'^w(^)J^- (5) 

Tl=0 

From (5), we have 
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\m=0 / \;=o y 



EE 



(6) 

(-l)'(2[x]J"-2'n! t" 



l\(n-2iy. n\' 

71=0 \ i=0 ^ ' I 

Therefore, by (5) and (6), we obtain the following theorem. 
Theorem 1. For n G Z^, we have 

[5] (_iy2"-2'[x]^-2' 



Note that Theorem 1 is a g-analogue of (3). By (4), we obtain the following corollary. 
Corollciry 2. For x € [0, 1], we have 

„ , , W (_iy2"-2^B^,„(l-x|i) 

t U g 

From the definition of g-Bernstein polynomials, we note that 



n=0 •'■ ^'^^Jy/ „=o 



Vn=0 



k\ ^ . , .i" 



(^E/'=."+'=(-i^)(;^ 

riif E 7 — TT^; — 1 — r-iT-Sfc,n+fc(2^ I r 

1 Bk,n+k{x I g) ^" 
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By a simple calculation, we easily get 



(-1)" / d \" _^/" i-lYnl ( d \\^,n-l\t^ 



XL- ' 1 ^. 



n=0 \i=0 

Therefore, by (7) and (8), we obtain the following theorem. 
Theorem 3. For x e [0, 1], n, A; € Z+, we have 



d[x]gj ' n\ 



1=0 



N^E (-1) 



By a simple calculation, we easily get 



Thus, we have 



Prom (6) and (9), we can derive the following equation: 

l\(n-2l)\ I n! 



n=0 \ i=0 

and 



n=0 \i=0 

Therefore, by (10) and (11), we obtain the following theorem. 
Theorem 4. For n € Z+, we have 

iin,,{x) = (^fjHax){-ir-'[x]r'. 

By (4) and Theorem 4, we obtain the following corollary. 



(8) 



i_^L^ p-2*W, _ (_f\n -2t[xU 



^_,.+2*[x],,-4*M, = ^ (")if,,(a=)(-i)"-'N-M ^. (11) 
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Corollary 5. For n G Z+ and x G [0, 1], we have 



For t gR and x e [0, 1], we have 

t[l~x]i -t[l-x]j 

e "J — 6 ^ 
sinh(t[l — x]i) = 



2{t[x\qY \ k\ 

'■ \n=K ri=fc 

i;(i-(-ir")B.„(.u);sj 
5j^(^i;(i-(-ir)B.„«(xi,)^^ 



(12) 



Using Taylor expansion, we get 

[l-x]it ^ [I _ xYl - {-[1 - x]xY 

= £ — ^s- <'^' 

n=0 

Comparing the coefBcients on the both sides of (12) and (13), we obtain the following 
theorem. 

Theorem 6. For n. A; € Z+ and x G [0, 1], we have 

[x]r\[^-x]i - i-ini-xn) = [x]^(i - (_i)») ^^.y^Hg) . 

From (4) and Theorem 6, we note that 

-B„,2n+fc(l - a; I -) - (-l)"S„.2„+fe(l - a; I i) 

q q (14) 

= Bn+k,2n+k{x \ q) - { — l)"Bn+k,2n+k{x \ q). 

Therefore, by (14), we obtain the following theorem. 
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Theorem 7. For n, A; e Z+ and x G [0, 1], we have 



Bn+k,2n+k{x I q) = [X^g 



„ Bk,n+kix I q) 



By Theorem 7, we get 



0„+l+k,in+-^+k{X I q) = /2n+l+fc\ i^- 



Bk,2n+l+k{x I q) 2n+l 
(2n+l+k\ 
\ 2n+l ) 



Thus, we have 



/2n + 1 + fc\ An + 2 + fc\ _ /2n + 1 + A;\ 
V 2n + l y V2n+1 + A;y V ^ /' 



Let t gM. and < a; < 1. Then we see that 

t[l-x]l -t[l-3!]l 

e ^ -|- e ^ 
cosh(t[l — x] 1 ) = 



2 



2(t[a;]g)'= \ kl k\ 



Using Taylor expansion, we get 



1 fU 

COSh(t[l - = - ^(1 + (-1)")[1 - x]| -. 



Therefore, by (15) and (16), we obtain 



"+'=ri _ -vl" - t^m ^k^n+kix I g) 



Thus, we have 

Bk, 2n+k{x I g) p^^2n 
\ 2n ) 

From (17), we have 



D / I \ ^k,2n+k\-^ \ H , V 



/4n + fc\/2n + fc\ f2n + k 
\2n+kJ\ 2n 
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